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Let's take a look at the colloids around us ︕

Focus on colloidal dispersion and aggregation!
What is "dispersion"?
What is "aggregation"?

↓

The key to controlling "dispersion" and 
"aggregation" is zeta potential!

2023/5/23微粒子合成化学
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What is the theory behind this?
What is the essence of particle dispersion and aggregation behavior?

There is an electric charge of several tens of mV on 
the surface of all “matters“

（ "Surface potential" or "Zeta potential" ）

It's on your face, on your desk, on your foam, on everything!

2023/5/23
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 Zeta potential is a unique physical 
character of each material.

 Zeta potential changes with pH of 
aqueous solution.

 Zeta potential is a clue for 
dispersion/aggregation.

 Low zeta potential usually results in 
aggregation, called homocoagulation.
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What can we learn from zeta potential?

The larger the absolute value of the zeta potential, the 
better the dispersibility. However, if it is small, it is unstable 
and tends to aggregate.

The alumina particles in the right figure have a positive 
charge on the acidic side. The isoelectric point is around 
pH 9. It has a negative charge on the alkaline side.

Zeta potential  

Apparent particle size

Isoelectric point

Average 
particle size
(nm)

The average particle size is small in the pH region where the 
absolute value of the zeta potential is large. In the vicinity of the 
isoelectric point, they aggregate and have a large particle size.

The larger the absolute value of the zeta potential, the better the 
dispersibility. If it is small, it is unstable and tends to aggregate.
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and aggregate.

Beans are somewhat unstable but dispersed.

Beans are stable and perfectly dispersed.
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What is electrokinetic phenomenon?

A so-called electric double layer is formed at the phase interface 
of substances in the liquid phase.
An electric double layer is approximately represented by two 
electric layers with different signs, like a capacitor.
However, since one layer has the property of being diffusively 
movable (diffusion layer), only one layer has the property of 
deforming when subjected to external mechanical stimulation.
Due to this property, the motion of the electric double layer is 
always accompanied by electrical strain. The phenomenon 
caused by this electrical strain is the electrokinetic phenomenon 
(Electrokinetic Phenomena).
The following electrokinetic phenomena are generally known.

Electrophoresis, electroosmosis, streaming potential, zeta potential
electrorheological effect, oscillating potential

2023/5/23
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 Suppose that a DC electric field E is applied from the outside 
parallel to the solid-liquid interface with an electric double layer 
on the solution side. Since the solid surface is stationary, a 
laminar flow on the solution side causes a distribution of 
velocities along the interface. Now, assuming a microcube in 
the solution, the electric force and the viscous force acting on 
the cube must balance in the steady state. If the average 
charge density in the cube is ρ, the electric force is ρE, which is 
balanced with the viscous force (ηd2u/dx2) in the steady state 
(SI unit system) (equation 6).

2023/5/23微粒子合成化学
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When laminar flow occurs on the 
solution side, a velocity distribution 
occurs along the interface.
Now, assuming a microcube in the 
solution, the electric force and the 
viscous force acting on the cube 
must balance in the steady state.

2023/5/23
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on the solution side. Since the solid surface is stationary, a 
laminar flow on the solution side causes a distribution of 
velocities along the interface. Now, assuming a microcube in 
the solution, the electric force and the viscous force acting on 
the cube must balance in the steady state. If the average 
charge density in the cube is ρ, the electric force is ρE, which is 
balanced with the viscous force (ηd2u/dx2) in the steady state 
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 u (u = V/E) is the relative velocity of the interface or particle and solution, i.e. the 
electrophoretic mobility. After substituting Poisson's formula into this relation and 
rearranging it, the following formula is obtained by integrating both sides twice.

拡散層内における電位は、Poisson の式 
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を基礎にして求められる。 
εr: 溶液の比誘電率 
ε0: 真空の誘電率 
ρ: 電荷密度 
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The potential in the diffusion layer is obtained based on Poisson's equation.

Dielectric constant of solution
Dielectric constant in vacuum

Charge density
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 Electrophoretic mobility, u = V/E is represented by

 where η indicates viscosity. Also, in equation (8), the surface potential ψ0
is replaced with the zeta potential ζ. This equation is called the 
Smoluchowski equation and is the most widely used electrophoretic 
equation. Although this formula was derived for flat plates, it can be 
applied to spherical particles where the particle radius (a) is larger than 
the thickness of the electric double layer (1/κ) (a≫1/κ, or κa≫1). It can 
also be used for cylindrical particles with large radii. Furthermore, it can 
be said that it is a very useful formula because it can be applied to large 
particles of any shape.

 In particular, in water at 25℃ (εr = 78.5, η = 0.89mPa), it can be 
expressed as follows.                 ζ = 12.8 u (mV）

2023/5/23微粒子合成化学
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 The second method is to think of the external electric field as “acting on a 
point charge”, which is the opposite limit of the Smoluchowski equation, 
i.e., the limit of small particle radius a or thick double layer (a ≪1), which 
is called Hückel's formula.

 Like Smoluchowski's equation (8), Hückel's equation does not depend on 
the particle radius, a, but differs in that it has a factor of 2/3.

2023/5/23微粒子合成化学
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 Henry thought about this contradiction as follows. The Smoluchowski
equation takes into account the distortion of the electric field due to the 
presence of particles (the electric field acts parallel to the interface), 
whereas the Hückel equation ignores the distortion of the external 
electric field due to the presence of very small particles. . This distortion 
of the electric field is strictly treated as a function of κa, and the effect 
(retarding effect) due to the movement of counterions in the liquid flowing 
in the opposite direction, rather than the particles migrating in the 
stationary liquid, is also considered. and derived the following equation.

2023/5/23微粒子合成化学
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 The function f(κa) is called Henry's 
coefficient and expresses the degree 
of distortion of the external electric field 
due to the presence of particles. Here, 
when κa → 0, f = 2/3 and the Henry 
equation becomes the Hückel equation.

 Conversely, when κa →∞, f = 1 and 
the Smoluchowski equation is obtained, 
and in this limit the external electric 
field is completely distorted. The 
intermediate values of κa are shown in 
the figure on the next slide.
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 One problem still remains in the relationship between electrophoretic mobility 
and ζ potential. It is a well-known relaxation effect in the theory of electrical 
conduction in strong electrolytes. It is the effect that the opposite electric force 
acts on the particles because the double layer is deformed by an external 
electric field and becomes asymmetric.

 a) In colloidal electrophoresis with a ζ potential of 50 mV or less, the relaxation 
effect is negligible.

 b) In colloidal systems satisfying κa ≫ 1 or κa ≪ 1, the effect of the relaxation 
effect is small.

 c) In colloidal systems with 1 < κa < 100 and a ζ potential of 75 mV or more, u 
is greatly affected by the relaxation effect, making it difficult to estimate the ζ
potential from the value of u.

2023/5/23微粒子合成化学
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 A major problem with performing electrophoretic measurements in thin glass 
cells is the electroosmotic effect that occurs on the glass walls. Since the glass 
wall is negatively charged with respect to the aqueous solution, the solution 
flows due to the electroosmotic effect when an electric field is applied, and this 
flow uosm is superimposed on the true electrophoretic mobility, u, of the colloidal 
particles. That is, the apparent particle migration mobility, uapp, observed under a 
microscope and u are related as follows.

 uapp varies parabolically with cell depth h and is given by the following equation 
when k = (cell width/cell depth)>>1.

 b : 1/2 of the cell thickness, u0 is the electrophoretic mobility at the wall surface (h = ±b)

2023/5/23微粒子合成化学
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Electroosmotic flow
Quartz cells are generally used as measurement cells. 
The isoelectric point of quartz is 2 ～ 3, and the 
surface of the cell is usually negatively charged. 
There are many ions.
When a voltage is applied to the cell, the positive ions 
near the cell wall are pulled toward the cathode and 
move, creating a flow. Since the cell is normally a 
closed system, the flow in the vicinity of the cell wall 
is circulated, and the flow in the opposite direction 
occurs in the vicinity of the cell center.
This flow inside the cell is called electroosmotic flow.

Electroosmotic flow curve Negative charge inside the cell

Stationary level
Negative electrode Positive

electrode

Cell wall

Cell wall
2023/5/23 微粒子合成化学
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cells is the electroosmotic effect that occurs on the glass walls. Since the glass 
wall is negatively charged with respect to the aqueous solution, the solution 
flows due to the electroosmotic effect when an electric field is applied, and this 
flow uosm is superimposed on the true electrophoretic mobility, u, of the colloidal 
particles. That is, the apparent particle migration mobility, uapp, observed under a 
microscope and u are related as follows.

 uapp varies parabolically with cell depth h and is given by the following equation 
when k = (cell width/cell depth)>>1.
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 uapp at level hs, giving 
uosm=0, gives the true 
electrophoretic mobility u. 
This hs is called the 
stationary level and given 
by the following equation. 

2023/5/23微粒子合成化学
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 The electrophoretic light scattering measurement method is 
also called the laser Doppler method. This is a method that 
uses the “Doppler effect” to give the migration velocity of 
particles. The Doppler effect is the phenomenon that when 
light or sound waves strike a moving object and are reflected 
or scattered, the frequency of the light or sound wave 
changes in proportion to the speed of the object. When 
electrophoretic particles are irradiated with laser light, the 
scattered light from the particles undergoes a frequency shift 
due to the Doppler effect. We can see the migration speed of 
the particles.

2023/5/23微粒子合成化学
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（ Colloidal particles in Brownian motion ）Detector
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 In general, particles migrate at a slow speed, so their Doppler 
shift amount (~100 Hz) is significantly smaller than the frequency 
of incident light (5×10 12 Hz). The Heterodyne method is a 
technique for detecting such small frequency differences. It mixes 
part of the incident light (reference light) and scattered light in the 
optical system. Doppler-shifted scattered light from migrating 
particles and reference light corresponding to non-migrating 
particles are simultaneously observed. ). It is expressed as an 
autocorrelation function of scattering intensity by a photon 
correlator. Since the observed particles are in Brownian motion, 
this autocorrelation function becomes a decaying cosine wave. 
That frequency corresponds to the amount of Doppler shift.

2023/5/23微粒子合成化学
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 By performing FFT analysis on the obtained autocorrelation function, the 
distribution of frequency components can be obtained. Furthermore, the 
distribution of electrophoretic mobility is required. Actually, a sample 
dispersed in a solvent with a refractive index (n) is irradiated with a laser 
beam of a wavelength (λ), and the mobility (U) and the Doppler shift (Δν) 
when detected at the scattering angle (θ) The relationship is expressed 
by the following equation.

2023/5/23微粒子合成化学
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 Normally, the isoelectric point is the pH at which the ζ potential becomes 
zero under the condition where specific adsorption (chemisorption) does 
not occur.

 In oxide particles, the isoelectric point is on the acidic side for acidic 
oxides and on the alkaline side for basic oxides.

 When specific adsorption occurs, the isoelectric point changes even for 
the same material.

 On the other hand, the pH at which the true surface potential becomes 0 
is called the point of zero charge. When chemisorption of sign ions 
occurs, the isoelectric point changes even though the surface potential is 
zero.

2023/5/23微粒子合成化学
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Let's take a look at the colloids around us ︕

Focus on colloidal dispersion and aggregation!
What is "dispersion"?
What is "aggregation"?

↓

If "dispersion" and "aggregation" can be 
controlled, colloids can be manipulated 
freely.

2023/5/23微粒子合成化学
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coffee milk only1 mol/L KCl溶液

Milk fat floating

2023/5/23微粒子合成化学
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 Milk fat is lighter than water.
 Milk is a dispersion of milk fat.

 By adding salt, it "agglomerated" and 
surfaced.

2023/5/23微粒子合成化学
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What is dispersion?
◦ Particles drift in the solvent without 
agglomeration.

What is aggregation?
◦ Particles gather more and form larger 
flocs.

Materials naturally aggregate.
◦ Intermolecular force

→ van der Waals force
2023/5/23微粒子合成化学
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 Aggregation
◦van der Waals interaction

 Dispersion
◦Electrostatic repulsion

◦Repulsion due to surface potential

分散

凝集

2023/5/23微粒子合成化学
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 In order to disperse
◦be in a condition of dispersion in 
equilibrium
◦be kinetically dispersive

Brownian motion 
(thermal motion)

分散
2023/5/23微粒子合成化学
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 In the equilibrium, theoretical interpretation of 
dispersion is electrostatic repulsion, while as to 
the motion of colloidal particles floating in water 
and dispersed in air, the kinetic interpretation is 
Brownian motion.

x 
分散

2023/5/23微粒子合成化学
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 If the particles are in Brownian motion (irregular motion), 
the Brownian motion is the thermal motion of the 
particles, so each particle has an energy of kT.

 Assuming that this is converted to kinetic energy, it is 
expressed by the following equation.
kT = 1/2 mv2

分散
2023/5/23微粒子合成化学
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 According to Einstein's statistical calculation, the average 
distance x that one particle moves in the x direction in time t 
due to Brownian motion is 

 D is the diffusion constant of the particle. Einstein also 
provided an equation for the diffusion constant, 

 where f is the so-called coefficient of friction. Stoks' law 
holds true when the particles are very large compared to the 
molecules of the medium.

f
kTD =

sDtx =

分散
2023/5/23微粒子合成化学
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 where η is the viscosity of the substance and a is the particle 
radius.

 R is the gas constant, NA is Avogadro's number.

af πη= 6

AaN
RTtx

πη
=

3

分散
2023/5/23微粒子合成化学
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 For example, the displacement x of the particles after 1 second 
in distilled water at 20℃ is calculated as follows.

 Particle radius Displacement after 1 second （μm）

 1 nm 20.7
 10 nm 6.56
 100 nm 2.07
 1μm 0.656

分散
2023/5/23微粒子合成化学
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Equilibrium theory
◦ electrostatic repulsion
◦ due to interfacial potential of colloid

Kinetics
◦Collisions between colloids ← 

Thermal motion and collision probability

2023/5/23微粒子合成化学
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The source of the force is the surface 
potential of the particles.
The phenomena related to the surface 

potential are as follows.
◦electrophoresis
◦electroosmosis
◦sedimentation potential

2023/5/23微粒子合成化学
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 Electrophoresis is a phenomenon in which electrically 
charged molecules (ions) move when an electric field is 
applied.

 Positively charged molecules are attracted to negative 
electrodes, and negatively charged molecules are 
attracted to positive electrodes.

 The same is true for colloids.
 In a place where a voltage is applied (an electric field), 

the colloid as a whole moves toward the electrode of the 
opposite sign of charge.

＋－

2023/5/23微粒子合成化学
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Theory of dispersion & aggregation, and 
evaluation of dispersion stability

What is the essence of particle dispersion and aggregation behavior?2023/5/23

微粒子合成化学
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intermolecular force

van der waals force
Attractive force acting between any molecule
(The larger the molecular weight, the larger it becomes.)
(Molecular melting point and boiling point increase in proportion to 

molecular weight.)

Weak electrostatic force
Works between polar molecules

Hydrogen bond
Seen in H2O, HF, NH3, etc.

(O-H, F-H, N-H occur because the polarity 
is particularly large)
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Johannes Diderik van der Waals 
(23 November 1837 – 8 March 
1923) was a Dutch physicist. In 
1910, he became the third 
Dutchman to receive the Nobel 
Prize in Physics for his discovery 
of the gas equation of state, 
which takes into account 
molecular size and 
intermolecular forces.

2023/5/23
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 The van der Waals force is an electromagnetic interaction 
force that acts between electrically neutral molecules. 
When molecules and atoms approach each other, they are 
momentarily polarized and an attractive force is generated. 
This force is called van der Waals force.

 When molecules or atoms get closer than a certain 
distance, a strong repulsive force is generated. About 0.2 
nm is the minimum surface-to-surface distance.

 It also occurs when two macroscopic objects, such as 
particles and particles, or particles and walls, come very 
close to each other in the same way as molecules and 
atoms.

2023/5/23微粒子合成化学
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◦ The force is much smaller than that of 
ionic bonds and covalent bonds.
◦ In water, the force action is smaller than 
in air.
◦ van der Waals forces decrease when 
moisture is adsorbed on the contact 
area.
◦ It becomes smaller in inverse 
proportion to the surface roughness.
◦ van der Waals forces exist at all times, 
independent of the surrounding 
environment.

2023/5/23微粒子合成化学
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The Hamaker constant is named 
after the German scientist H. C. 
Hamaker. His 1937 paper is 
famous.

微粒子合成化学

van der Waals interaction energy between plates

per unit area

Hamaker constants for dissimilar substances 1 and 2
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van der Waals forces between 
particles

If h is significantly smaller 
than a, the potential energy is 

Between planes.

A: Hamaker constant
For particles with different diameters.
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中

When drawing interaction potential curves between colloidal particles, values of Stem potential φ and 
Hamaker constant A are required. It is assumed that φ is approximately equal to the experimentally 
determined zeta potential. The value of A can be obtained both theoretically and experimentally. According to 
Hamaker's microscopic theory, the Hamaker constant A of a substance in vacuum is related to the London 
constant Λ by the following equation.

Here, A11 and A33 are Hamaker constants in vacuum for colloidal particles and medium liquids. The method 
of experimentally obtaining the value of A is to obtain the attractive force between bodies directly, and A is 
calculated from the value of the critical aggregation concentration. method, and a method of obtaining from 
the measurement of the surface (interfacial) tension.

Here, q indicates the number of molecules per unit volume of the colloidal particles. The Hamaker constant 
(A11/3) of the colloidal particles (1) dispersed in the liquid medium (3) is expressed by the following equation.
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3． Theory of dispersion & aggregation, and 
evaluation of dispersion stability

ＤＬＶＯ theory2023/5/23
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Dispersion and Aggregation
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 What is dispersion?
 Particles drift in the solvent without 

agglomeration.
 What is aggregation?

 Particles gather more and form larger flocs.

 Materials naturally aggregate.
 Intermolecular force

→ van der Waals force

Dispersion and Aggregation

2023/5/23 微粒子合成化学
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 Aggregation

 van der Waals interaction
 Dispersion

 Electrostatic repulsion

 Repulsion due to surface potential

Dispersion and aggregation
（Equilibrium consideration）

分散

凝集
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Dispersion and aggregation
 Interaction due to van der Waals forces
 electrostatic repulsion

Vtotal = VH + Vel

VH : interaction energy due to van der Waals force

Vel : interaction energy due to electrostatic repulsion

Way to think

2023/5/23 微粒子合成化学
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Dispersion and aggregation
Vtotal = VH + Vel

VH : interaction energy due to van der Waals force

Vel : interaction energy due to electrostatic repulsion

Vtotal Positive→ Dispersion
Vtotal Negative→Aggregation

Way to think

2023/5/23 微粒子合成化学
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Electrostatic repulsion

2023/5/23 微粒子合成化学
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Electrostatic repulsion
 Particle surface is charged
 Electrostatic phenomena

 Could this be the source of the 
electrostatic repulsion?

 Start here

2023/5/23 微粒子合成化学
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Counter ions (positive)

Secondary ions (Negative)
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Near charged surfaces, counter ions (charges of the opposite to 
the surface charge) accumulate, while secondary ions are scarce. 
This graph is for the 1-1 electrolyte.
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Potential drops with distance
Helmholtz theory
Gouy-Chapman theory
 Stern theory

2023/5/23 微粒子合成化学
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Helmholtz theory
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0 距離 

表
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Gouy-Chapman theory
Diffuse double layer
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0 距離 

表
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Stern theory
Go down in a straight line

Stern plane

Slip plane

Diffuse double layer
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= 1 / κ

2023/5/23 微粒子合成化学
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How to think realistically
 Only the ζ potential can be measured
 The ζ potential is considered equal to the 

Stern potential.
 Then, consider the ζ potential as the surface 

potential.
 Instead of Stern theory, let us apply Gouy-

Chapman's diffuse double layer theory in 
reality.

2023/5/23 微粒子合成化学
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Consider the ζ potential as the surface potential.
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１．拡散層中のイオンの濃度はボルツマン分布に従う 







 −= +

++ kT
eznn ψexp0       







= −

−− kT
eznn ψexp0  

n: 拡散層中のイオンの個数濃度 
n0: バルク溶液中のイオンの個数濃度 
z: イオンの価数 
k: ボルツマン定数 
T: 温度 
ψ: 問題にしている点における電位 
+,-: 陽イオン、陰イオンを表す 

(1)
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The ion concentration in the diffuse layer follows the Boltzmann distribution.

number concentration of ions in diffusion layernumber concentration of ions in diffusion layer

number concentration of ions in bulk solution

Ion valence

Boltzmann constant

Temperature

Potential at distance x

Positive ions or negative ions
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表面の電位： 
ψ0 は電位決定イオンのバルク活量 c によって、 

0
0 ln

c
c

zF
RT=ψ       

R: 気体定数 
c0: c at ψ0 = 0 

(2)
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Surface potential: 

ψ0 is defined by bulk activity c of potential determining Ion: 

Gas constant
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拡散層内における電位は、Poisson の式 

0
2

2

2

2

2

2

) (grad div
εε
ρψψψψψ
rzyx

−=
∂
∂+

∂
∂+

∂
∂==Δ    

を基礎にして求められる。 
εr: 溶液の比誘電率 
ε0: 真空の誘電率 
ρ: 電荷密度 

(3)
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Potential in diffuse layer is defined as Poisson equation: 

Dielectric constant of solution

Dielectric constant in vacuum

Charge density
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ρ: 電荷密度 
は、対称型電解質（ nnnzzz ==== −+−+ 00 , ）に対して、 







−=















−






−=

−= −+

kT
zenze

kT
ze

kT
zenze

nnze

ψ

ψψ
ρ

sinh2

expexp

)(

   

(4)
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Charge density is defined by 

symmetrical electrolyte
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従って、 
平板電気二重層に対する、Poisson-Boltzmann 式は、 
(3),(4)式から x 方向だけを考えて 

kT
zenze

dx
d

r

ψ
εε

ψ sinh2
0

2

2

=       

(5)式を積分して、 

)exp(
4

tanh
4

tanh 0 x
kT
ze

kT
ze κψψ −






=      

(5)

(6)
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Therefore, 
the Poisson-Boltzmann equation for the flat electric double layer is 
derived from Eqs. (3) and (4), considering only x-axis.

It is obtained by integrating Eq. (5).
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1<<kTzeψ なら、(5)式は、 

ψκψ 2
2

2

=
dx
d        

ただし、
kT
enz

r 0

22
2 2

εε
κ =       

25℃水溶液では特に 
cz9103.3 ×=κ       

 
(7)式を解くと、 

)exp(0 xκψψ −=        (10)

(9)

(8)

(7)

κ is called as Debye-Huckel parameter.
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then, eq.(5) is simplified as

where     

In an aqueous solution at 25°C, the following is obtained.

Solving equation (7) yields the following.
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Next, consider the interaction between 
the flat plate electric double layers.

 

Let us first consider the interaction between plates
2023/5/23 微粒子合成化学
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溶液中の２枚の平行平板（板間距離: h）に 
作用する力 Pは 

OE PPP +=       
静電気成分 ＋ 浸透圧成分 
（電気力線により内側に引かれる力）＋ 

（対イオンの浸透圧により外側へ押される力） 

nkTkTnnP
dx
dP

O

r
E

2)(
2

2
0

−+=







−=

−+

ψεε

(15)

(16)
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The force acting on two parallel plates (distance between 
plates: h) in a solution is

The electrostatic component PE is the force that is attracted inward by the 
electric lines of force.
The osmotic pressure component, PO, is the force pushed outward by the 
osmotic pressure of the counterions.
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POは常に PEよりも大きく、板は反発力を受ける 
板の接近過程で表面の電位ψ0 が変化しなければ、 
PEの寄与を無視して、(1)と(16)の POの式から、 
板の受ける反発力 PR(h)は単位面積あたり 
（このときの考え方は、２つの平板の丁度中間の 
面と無限遠の面を考え、中間の面上では、対称性 
から電場は零、無限遠の平面でも電場は零である 
から、浸透圧成分のみを考えればよい、というこ 
とになる） 







 −= 1cosh2)( 2/

kT
zenkThP h

R
ψ

(17)
ψ2/h: 板間の中央における電位 
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PO is always larger than PE, and the plate receives a repulsive 
force. If the surface potential does not change during the 
approaching process of the plate, the repulsive force received 
by the plate per unit area is given by the following formula 
from Eqs. (1) and (16), ignoring the contribution of PE.
Let's supplement.
Consider the plane exactly halfway between the two planes 
and the plane at infinity.
For the former, due to symmetry, the electric field is zero. For 
the latter, the electric field is zero. Therefore, only the osmotic 
pressure component should be taken into account.

potential at exactly the middle between two plates
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相互作用が弱ければ、ψh/2 は単独の電気二重層の 
電位ψs(h/2)の２倍と考えて、 

kTzekTzekTze 4/)4/tanh(    then14/ ψψψ ≅<<  
より、(6)式から、 
（この近似は、後述するように、 

ψ<20 mV のとき成立する） 







−=

2
exp8

)2/(
h

ze
kT

h κγψ
    







=
kT
ze
4

tanh 0ψγ

(18)

(19)
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If the interaction is weak, ψh/2 can be thought of as twice the 
potential, ψs(h/2), of a single electric double layer.

(This approximation holds when Ψ<20mV, as will be described later.)

Eq. (6) is transformed as follows.
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(17)式で 
2

2/2/ }/{)(    then1/ kTzenkThPkTze hRh ψψ ≅<<  
より、これに(18)式を代入して、 
（この近似は、κh>1、つまり、hが電気二重層の厚さ 

よりも長いところで成り立つ 
近似には cosh y ≅ 1 + y2 を使用した） 

すると、 
)exp(64)( 2 hnkThPR κγ −= (20)
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Eq. (17) is transformed as follows.

Substituting eq. (18) into here yields the following.

(This approximation holds when κh>1, that is, when h is larger than 
the thickness of the electric double layer.
For approximation, cosh y = 1+y2 was used.）
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従って、平板間の電気二重層の相互作用エネルギーは 

)exp(64)()( 2 hnkTdhhPhV
h

RR κγ
κ

−=−= ∞    
 

(21)
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Therefore, the interaction energy of the electric double 
layer between the plates is as follows.
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Next, consider the interaction 
between spherical particles

Next, let us consider the interaction between spherical particles.
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Derjaguin approximation
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From the Derjaguin approximation, the interaction 
force of spherical particles can be obtained.
Derjaguin近似: 
 半径 a1 と a2 の球形粒子の最近接距離 Hのとき 
（H<<a1,a2） 

)(2)(
21

21 HV
aa
aaHP RR 








+

= π
    

(21)と(22)より a1=a2=aのとき、 

)exp(64)( 2 hankTHPR κγ
κ

π −=
  

(22)

(23)
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The interaction force between two spherical particles with radii a1
and a2, when the closest distance is H, is:

when a1 = a2 = a, the following eq.(23) is obtained.

87



従って、半径 aの球形粒子の相互作用エネルギーは 

)exp(64

)()(

2
2 hankT

dHHPHV
H

RR

κγ
κ

π −=

−= ∞

 
(24)
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Therefore, the interaction energy acting between two 
spherical particles with radius a is obtained as follows.
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